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Abstract 

We study the asymptotic zero distribution of the rescaled Laguerre polynomials. 
Ly* n '(nz), with the parameter a n varying in such a way that lim a n /n = — 1. The 

n— Kx> 

connection with the so-called Szego curve will be showed. 



1 Introduction 

The definition and many 
of Szego's classic memoir [21] . Given explicitly by 



The definition and many properties of the Laguerre polynomials can be found in Ch. V 



k=0 

or, equivalently, by the well-known Rodrigues formula 



u—n \ / 



4 a) (*) = ^*-°e" (j;) 



they can be considered for arbitrary values of the parameter a € C. In particular, (II. ip shows 
that each depends analytically on a and no degree reduction occurs: degL^ = n for 
all a£C. 

For a > —1 it is well-known the orthogonality of L^*\x) on [0, +oo) with respect to the 
weight function x a e~ x ; in particular, all their zeros are simple and belong to [0, +oo). In the 
general case, a € C, L^\z) may have complex zeros; the only multiple zero can appear at 
z = 0, which occurs if and only if a G {—1, —2, . . . , — n}. In this case we have 



(1.3) 



1 
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which shows that z = is a zero of multiplicity k for L\ (z). 

In a series of papers ([7j, [8] and [32]), asymptotics for rescaled Laguerre polynomials 

were analyzed, under the assumption that lim a n /n = A € R. In [12] the au- 
ra— y oo 

thors obtained the weak zero asymptotics for the case where A < —1, by means of classical 
(logarithmic) potential theory. To this end, it played a key role a full set of non-hermitian 
orthogonality relations satisfied by Laguerre polynomials in a class of open contours in C. 
Unfortunately, this analysis could not be extended to the other cases, since for this approach 
it is essential the connectedness of the complement to the support of the asymptotic distribu- 
tion of zeros (see e.g. [5] and [IS]). However, the authors formulated in [12] a conjecture for 
the case — 1 < A < 0, which was proved in some cases and refused in others in [8], by means 
of the Riemann-Hilbert approach (which has been previously used by the same authors in [7J 
to obtain strong asymptotics in the case A < — 1). A similar study for Jacobi polynomials 
with varying nonstandard parameters has been carried out in [9], [11] and |13j . 

Jacobi or Laguerre polynomials with real parameters (and in general, depending on the 
degree n) appear naturally as polynomial solutions of hyper geometric differential equations, 
or in the expressions of the wave functions of many classical systems in quantum mechanics 
(see e.g. [2]). 

In [12] , the authors also formulated a conjecture for the case A = —1, but up to now this 
problem has remained open. Observe that, by (|1.3j) . when k = n we have: 

L(- n \ Z ) = (~ir-z n . 

n\ 

There is another particular situation corresponding to the case A = — 1 which is very well- 
known in the literature: when a n = —n — 1, we have: 

4- n - 1) (-) = (-irE^> 

k=0 

and thus, in this case the Laguerre polynomials agree (up to a possible sign) with the partial 
sums of the exponential series. In a seminal paper, G. Szegd [20] showed that the zeros of the 

rescaled partial sums of the exponential series, — — — = (— l) n L^~ n ~ 1 \nz), approach 

fc=o 

the so-called the Szego curve: 

r = {z EC, \ze l ~ z \ = 1, \z\ < 1} , (1.4) 

which is a closed curve around the origin passing through z = 1 and crossing once the negative 
real semiaxis (— oo,0) (see Figure [1]). See also [15] for a detailed study of the Szego curve 
and some related problems in approximation of functions. Recently, T. Kriecherbauer et al. 
[B] obtained uniform asymptotic expansions for the partial sums of the exponential series by 
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means of the Riemann-Hilbert analysis. Also, in [3], the authors studied the asymptotics of 
orthogonal polynomials with respect to modified Laguerre weights of the type 

z -n+v e -Nz ( z _l)26 ; 

where n, N — > oo with N/n — > 1 and v is a fixed number in R \ N. 

0.4 

0.2 


-0.2 
-0.4 

-0.4 -0 .2 0.2 0.4 0.6 0.8 1 

Figure 1: The Szego curve. 

In this paper, the weak zero asymptotics of rescaled Laguerre polynomials L^ n \nz), 
with lim a n /n = —1 will be analyzed. For it, we will prove that such rescaled Laguerre 

n— >oo 

polynomials are asymptotically extremal on certain well defined curves in the complex plane. 

The outline of the paper is as follows. In sect 2, the main result about the weak zero 
asymptotics of the rescaled Laguerre polynomials is announced, and in sect. 3, some basic 
facts on potential theory and asymptotically extremal polynomials are recalled. Finally, the 
proofs are given in sect. 4. 




2 Main Result 

Along with the Szego curve (jl.4p . we need to introduce the family of level curves: 

r r = {z € C, \ze x ~ z \ = e~ r , \z\ < l} , < r < +oo , (2.1) 

while for r = oo we take Too = {0}. Observe that Tq = T, the Szego curve. We consider the 
usual counterclockwise orientation. All the level curves T r (0 < r < +oo) are closed contours 
such that {0} C Int(r r ) and T. r / C Int(r r ), for r' > r. On the sequel, the interior of r r will 
be denoted by G r . Associated with this family of curves, consider for < r < +oo the family 
of measures: 

1 1 — z 

dfi r (z) = dz , z € r r , (2-2) 

27TZ z 

and set dn ao (z) = 5q. 
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Let us recall the definition of balayage (or sweeping out) of a measure (see e.g. |16]). 
Given an open set 0, with compact boundary d£l and a positive measure a with compact 
support in Q, there exists a positive measure a, supported in dQ, such that = \\a\\ and 

V d \z) - V a {z) = const , qu.e. z £ , (2.3) 

where const = when Q is a bounded set, and a property is said to be satisfied for "quasi- 
every" (qu.e.) z in a certain set, if it holds except for a possible subset of zero (logarithmic) 
capacity. Then, a is said to be the balayage of a from fi onto dQ . 
Now, we have the following: 

Lemma 1 The a priori complex measure (j2.2j) is a unit positive measure in T r (|2.ip . for 
< r < +oo . Moreover, /x r is £/ie balayage of So from G r onto T r , where 5q denotes the 
Dirac Delta at z = 0. 

Now, for each n £ N , consider the "pathological" subset of negative integers § n = 
{— n, — (n — 1), ... , —2, —1} . Hereafter, suppose that a n ^ § n . 

Finally, denote by dist(a n ,S n ) > the minimal distance between a n and the set S n . 

Theorem 1 Consider a sequence of rescaled Laguerre polynomials {L^ n \nz)} n ^ , such that 
lim — = — 1 and 

n— >oo n 

lim [dist(Q n ,S n )] 1 / n = e~\ (2.4) 

n— yoo 

for some r > . Then, the contracted zeros of Laguerre polynomials asymptotically follow the 
measure dfi r in (|2.2p on the curve T r (|2. 1 j) . For r = +oo, the limit measure is <i/Uoo = ^o- 

Remark 1 The results above also hold when dealing with infinite subsequences {Ln (nz)} n 

eA, A C 

N. 

Remark 2 Observe that the case r = in Theorem [T] is generic, because it takes place when 
parameters a n do not approach, or, at least, do not approach exponentially fast, the set of 
integers S n (see Figure [2]). On the other hand, when r > and, so, parameters approach 
the set of integers S n exponentially fast, the Szego curve T is replaced by a level curve T r 
which surrounds z = and is strictly contained in the interior of V (see Figure 3). Finally, 
when r = oo, i.e., when parameters approach the set S n faster than exponentially, the limit 
measure reduces to a Dirac mass at 2 = 0. 

Remark 3 The weak asymptotics in the case A = — 1 , characterized for the set of measures 
(|2.2p and the corresponding set of closed curves (|2.ip . is the natural matching between the 
solutions of the cases A < — 1 (see [7] and [12] ) and — 1 < A < (see [8] ) . For those cases 
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Figure 2: The Szego curve and the zeros of Lg ' (60z). 




the following full set of non-hermitian orthogonality relations for the Laguerre polynomials 
with parameters a € C was used: 

/ L^(z)z k z a e' z dz = 0, k = 0,...,n-l, 
Jt, 

where S is any unbounded contour in C \ [0, co) , connecting +co + iy and +oo — iy , for 
some y > , and the branch in z a is taken with the cut along the positive real axis (see [TJ 
Lemma 2.1]). In [12] this full set of orthogonality relations allowed to apply seminal results 
by H. Stahl [18] and A. Gonchar and E. A. Rakhmanov [5] on the asymptotic behavior of 
complex orthogonal polynomials. Indeed, it was proved that zeros of the rescaled Laguerre 
polynomials accumulate on a closed contour C in C \ [0, oo) which is "symmetric" (in the 
"StahPs sense", see [I7]-[T8]) with respect to the external field (p(z) = ^ (—A log \z\ + Kez) , 
and that they asymptotically follow the equilibrium distribution on C in presence of the 
external field ip . In the proof of the main result in this paper, it will be showed that the 
zeros of the rescaled Laguerre polynomials in the present case also asymptotically follow the 
equilibrium distribution of r r in presence of the external field ip above (for A = — 1 ) , r r 
being a symmetric contour with respect to this external field. That is, although the theorems 
by H. Stahl and A. Gonchar-E. A. Rakhmanov cannot be applied in this case since the 
complement to the support is disconnected, the conclusions still hold. 
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3 On asymptotically extremal polynomials 

Throughout this section, some topics in potential theory which are needed for the proof of 
our main result will be recalled. For more details the reader can consult the monography 

First, let us precise the notion of admissible weights. 

Definition 1 Given a closed set £ C C, we say that a function lo : £ — > [0, oo) is an 
admissible weight on £ if the following conditions are satisfied (see [161 Def.I.1.1]): 

(a) to is upper semi-continuous; 

(b) the set {z £ £ : oo(z) > 0} has positive (logarithmic) capacity; 

(c) if £ is unbounded, then lim |z|u;(z) = 0. 

\z\— >oo, 2g£ 

Given such an admissible weight lo in the closed set £, and setting <p(z) = — logcj(z), we 
know (see e.g. [HI Ch.I]) that there exists a unique measure fi u , with (compact) support in 
£, for which the infimum of the weighted (logarithmic) energy 

lui(fJ-) = — I I log \ z — x\dfj,(z)dfi(x) + 2 ip(x)dn(x) 



is attained. Moreover, setting F u = I w (/4j) — J tpdfi^ , which is called the modified Robin 
constant, we have the following property, which uniquely characterizes the extremal measure 

= Fu , qu.e. z € supp^ , 
> F w , qu.e. z <E £ , 

where for a measure <r, V a denotes its logarithmic potential, that is, 



V^(z) + <p(z) 



V a (z) = — J log | z — x | da(x) . 



Now, let £ be a closed set and oo an admissible weight on £. Then, a sequence of monic 
polynomials {p n }n<=N is said to be asymptotically extremal with respect to the weight to if it 
holds (see [IB]): 

lim \\co n p n \\]/ n = exp(-i^), (3.1) 

n— >oo 

where, as usual, \\-\\k denotes the sup- norm in the set K . The study of weighted polynomials 
of the form uo(z) n P n {z) has applications to many problems in approximation theory (see e.g. 
the monographies [16] and |22j). It is well known that if for each n £ N, T£ is the n-th 
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(weighted) Chebyshev polynomial with respect to the weight oj n , that is, if it is the (unique) 
monic polynomial of degree n for which the infimum 

C = mf{\\u n P\\^,P(z)=z n + ...} 

is attained, then the sequence {T£} satisfies the asymptotic behavior given in (|3.ip (see \16\ 
ChJII]). 

Under mild conditions on the weight u, in [16|. Ch.III] it is shown that the zeros of such 
sequences of polynomials asymptotically follow the equilibrium measure in the sense of 
the weak-* convergence. Indeed, we have the following result (see [16\ Th. III. 4.1] or the 
previous paper [14]): 

Theorem 2 Let co be an admissible weight such that the support of the corresponding equi- 
librium measure fj,^, S^, has zero Lebesgue planar measure. Let {p n }neN be a sequence of 
monic polynomials of respective degrees n = 1, 2, . . . satisfying: 

lim ||u;> n ||y n = exp{-F u ), (3.2) 

where F u denotes the modified (by the external field ip = — Inu) Robin constant. Then, the 
following statements are equivalent: 

(a) y{pn) — ► Mo; i- n the weak-* sense, where v{pn) denotes the unit zero counting measure 
associated to p n , that is, dv(p n ) = — . 

Pn(C)=0 

(b) For each bounded component R ofC\S UJ and each infinite sequence NcN, there exist 
zq G R and N\ C N such that 

lim \ Pn (z )\ l ' n = exp(-V^(z )). (3.3) 

n— > oo,nGiVi 

Remark 4 In [U Theorem 5], condition (|3.2p is replaced by the weaker condition: 

limsup uj(z)\p n (z)\ l l n < exp(-F u ) , qu.e. z € S u . (3.4) 

n— ¥oo 

Remark 5 It is clear that the balayage of a measure (see (|2.3|) ) is a very particular case 
of equilibrium measure in an external field. Since Lemma [1] says that measure fi r is the 
balayage of <5o from G r onto its boundary T r , it means that 

V^(z) = -log[z|, z E T r . (3.5) 

Taking into account the expression of T r , (|3.5p implies both 

V th - (z) + Rez = r + 1, z G T r , (3.6) 
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and 

V*(z) + <p(z) = T -^, zGT r , (3.7) 

where 

<p(z) = ^ (log \z\+ Re z) , (3.8) 

(see Remark [3] above) . 

For the proof of Theorem [I] taking into account Theorem [2] it will be proved that the 
rescaled Laguerre polynomials are asymptotically extremal with respect to the weight uj = 
e"^ in the compact set given by the closed contour T r (using (|3.4p ). along with the fact that 
they satisfy the local behavior (13. 3|) . 



4 Proofs 

4.1 Proof of Lemma Q] 

Take into account that the level curves r r , for < r < oo, given by (|2.ip are, in fact, 
trajectories of the quadratic differential (see e.g. [19] ) 

(* " I) 2 



-.2 



(dzY 

z* 

or, what is the same, T r may be defined in the form: 



r r = lz € C/ Re J (l- ^\ dt = rX . (4.1) 

Expression (|4.ip shows that (|2.2p is real- valued in r r and does not change its sign. Moreover, 
by a straightforward application of the Cauchy theorem, we have that 

Mr (IV) = / dfi r (t) = 1. 

Now, we will prove that \x r is the balayage of <5o from G r = Int(r r ) onto T r . 

To this end, consider the function (f>(z) = ze 1_z . It is easy to see that (f> conformally maps 
G r onto the disk D r = {w £ C/\w\ < r} , < r < oo , in the tu-plane (see [20] and [T5]). 
Thus, from ()2.2fl . we have: 

d/j, r (z) = ( 1 ] dz = - 1 dz = = — , 

2tti \z J 2iri <p(z) 2iri w 2ir 

where w = r e ld = (j>(z) , and z S T r . Therefore, f)2.2[) is the preimage of the normalized arc- 
length measure on the circle T r = <9ID r under the mapping w = 4>(z), that is, the harmonic 
measure at z = with respect to the domain G r . But this fact implies that (|2.2p is the 
balayage of 5q from G r onto T r (see [TO] p. 222]). 
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4.2 Proof of Theorem [T] 

In Remark O it was shown that fi r is also the equilibrium measure in T r in the external field 

if (USD- 

Moreover, (|3.7p shows that the corresponding modified Robin constant is given by: 

r + 1 

= ^- ■ (4.2) 

On the other hand, the function g{z) = V^ r (z) + Hez is harmonic in G r and, by (j3.6j) . 
g(z) = r + 1 , 2 € r r . Then, it yields that g(z) = r + 1 , z G G r . In particular, 

V^(0) = r + 1 ( 4 _3) 
From ()4.2p . in order to prove fj3.4|) we need to show that 

limsup uj(z)\p n (z)\ 1 ^ n < e __ 2~~ , qu.e. z G T r , 



for the monic polynomial p n (z) = L^"\nz) and the weight oj(z) = e , which taking 
into account the expression of T r , is equivalent to prove: 

limsup e- Rcz \ Pn (z)\ 1/n < e" (r+1) , qu.e. z € T r . (4.4) 
Now, since by CCED ^""W) = + ■ ■ •, wi th 

C = (-l) n! ^ 5 (4-5) 



we have that (|4.4p is equivalent to 

limsup e-^^L^-^nz)! 1 /" < e" r , qu.e. z G T r . (4.6) 



In addition, we should prove that there exists a point zq G G r for which (|3.3[) is attained. 
Thus, choosing zq = 0, and taking into account (|4.3p . it is enough to show that 



hm \ Pn (0)\ 1/n = e" (r+1) 

n— >oo 

or what is the same, by (|4.5p . 



lim 

n— >oo 



4°»)(0) Vn = e- r . (4.7) 



Now, we are going to prove (|4.7|) and (|4.6|) under the conditions in Theorem [TJ 
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4.2.1 Proof of flUD 

Take into account that by (j 1 . 1 1) . 



4«*)(o) 



n 



and let /i n € {1, 2, . . . n} be such that 

dist(a n , S n ) = | + h n \ 

Thus, by (f!T4"|) . we have: 

lim \a n + h n \ l/n = e~ r 

n— >-oo 

and, therefore, to prove (|4.7p it should be satisfied: 



i 



lim / l( n + a ")( n + a "- 1 )---( 1 +gn)T | =1 ( 48 n 
n-s>oo y ra!|a n + /i n | / 

Let us suppose, first, that a n > — n — \ . Then, it is easy to see that 

n— h n h n — l 

|(n + a n )(n + a n - 1) . . . (1 + a n )\ = \a n + h n \ \a n + h n + k\ \a n + h n - k\ , 

k=l k=l 

2k — 1 2k + 1 

and taking into account that — - — < \a n + h n ± k\ < — - — , for any integer k > 1 , it 

yields 

y 2k - 1 n yr n 2k - 1 |(n + a n )(n + q n -l) ..■(! + a w )| ^ 2fc + 1 n yr n 2k + 1 

11 2 H 2 ~ |a n + /t n | - 11 2 H 2 

fc=i fc=i 1 1 fe=i fc=i 

tV2A: + 1 2(Z + 1)! 

Thus, denoting a t = [ [ — - — = 22(;+1) _ 1 ^ j-yj , i > 1 , and o = 1 , o_i = 2. Then, 

k=l ^ ' 

1 |(n + o ri )(n + a n -l)...(l + a n )| 

^2a/i„-2«n-/i„-i < j r I < a>hn-ia, n -h n , i- < n n <n. 

& \C^n i fin 



On the other hand, if a n < —n — i (and thus, h n = n), 



n-l 



|(n + a n -l)(n + a n -2)...(l + a n )| < }(-a n -/c) 



r(-a n ) r(-a r 



r(-(a„ + n-l)) T(5 n + 1) 
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from which it yields 

r(-O) 



a n -i < | (n + a n - 1) . . . (1 + a n ) \ < 



T(5 n + 1) • 

Now, since 



hm ( — ^ -| ^ — j = 1 , s = 0, 1 , 



and 



r(-q n ) 

n->oo ^n! r(J n + 1' 
then (PES) follows. 



i 



lim 



4.2.2 Proof of (jMD 

Let us denote 

k n = min ([-a n ],n) , a n = -k n - 5 n , 5 n > , (4.9) 

where, as usual, [•] denotes the integer part of a real number. It is clear that — k n £ § n and 
if k n < n , then < <5 n < 1. 
It also holds 



dist(a n ,S n ) 



5 n , if a n < -n , 



[min(<5 n , 1 - 5 n ) , if a n > -n . 

In order to prove (I4.6p . the following integral representation will be used (see [TJ formula 
(6.2.22)]): 

e-*LtHx) = jf ( t - I y-> e -*l(f)( t ) (lt| (4.10) 

where /3 > a and the path of integration is any simple smooth path connecting x € C with 
+oo . Thus, setting (3 = —k n and a = a n in (|4.10p and taking into account (|4.9f) . we have: 

1 /"°° 

e-* L^(x) = (t- x) 6 -- 1 e-* L^\t) dt , 

or what is the same, after some calculations, 

e~ nx L^\nx) = — — / {t-xf-~ l e~ nt L^ k -\nt)dt. (4.11) 

r (c>n) A 

Now, since k n 6 {1, . . . , n} , making use of (jl.3p . (|4.1ip may be written in the form: 

e— 4-)(nx) = {-If- ™ fc " j - / ( t - x)^" 1 i*»<r* Ltl n (nt) dt . (4.12) 

n ] -i-{d n ) Jx 
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On the other hand, taking into account the Rodrigues formula (|1.2p . ()4.12|) yields: 

n 



e- nx L^\nx) =(-l) n e~" ^ J (t - x) 6 "" 1 [c/>(i) n ] (n ~ fcn) dt 

where, as above, (f>(t) = te l ~ l and 

poo 

F n (x) = / (t-x) 5 "- 1 \(j){t) n } [n - kn) dt. 



Let us denote by xo = xq(t) the unique point where the curve T r meets the positive real 
semiaxis. Now, using the freedom in the choice of the path of integration, it will consists of 
two arcs: the first goes from x to xq through the curve T r (by the shortest way), and the 
corresponding integral will be denoted by G n (x); the second goes from xq to oo along the 
positive real semiaxis, and we will denote this integral by H n (x) . Thus, F n {x) = G n (x) + 
H n (x) . 

We are going to estimate G n (x) , for x £ T r \ {xo} . 
Suppose first that k n = n , and hence, 



G n [x) = / (t - x) 6 "' 1 <p(t) n dt . 



For it, consider the natural arc-length parametrization: t = t(s) , so that t(0) = x and 
t(so) = xo , for some positive real number so . In addition, recall that \4>(t)\ = e~ r , for t € T r . 
Since the path of integration is a smooth recitifiable Jordan arc (even for the case when 
r = , since the path is entirely contained in the upper, or lower, half of To = T ), we have 



\G n (x) 



(t(s)-t(0)) s -- 1 m(sWt'(s)ds 







< ii0ii? r / m-tm^it'^ids (4.i3) 

J 

< e~ rn r° \t{s) -t{<d)\ & "- l \t'{s)\ds. 



Now, take into account that there exist two positive constants k,C , such that k < \t'(s)\ < 
C , s G [0, so] j an d set 
theorem, f|4. 13|) implies: 



' C Sn if 5 > 1 

C , s 6 [0, snl i and set A n = I ' . Then, by classical mean value 

L J [Ck 6 ^ 1 , if0<5 n < 1. 



\G n (x)\ < A n e- rn ^f, (4.14) 

On 
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where lim Al/ n = 1 . On the other hand, when k n < n , it follows 

n— voo 

G n (x) = / (t-x) 5 "- 1 [{cp{t)) n i n - k ^ dt. 

J x 

Proceeding analogously as above, it holds 



\G n {x)\ < A n [0»](»-*-O 



a 8n 

£o_ 



and thus, by applying the Cauchy integral formula in an arbitrarilly small circle around t , 
we have for t in the segment of curve T r connecting x to xo , 

[0( t )"](n-M <(n-k n )\e- n+hn e m (\(l>(t)\+e& l ) n = 
(n - fc,,)! e" n+fc " e en (e" r + e e 2 ) n , 

for e > arbitrarily small. Hence, 



\G n (x)\ < A n (n-k n )\e- n+k "e n£ (e^ + Ee)" ^_ 

On 



(4.15) 



for e > . Since lim — - = 1 , we have, 

n— >oo n 



lim ((n- k n )\e- n+kn e ne (e~ r + e e) 1 



+ ee) 



(4.16) 



for e > . Observe that taking e — > + , from (|4.16p , f|4. 15j) agrees with (|4.14p . Taking into 
account that lim — = — 1 , we have 

n— >-oo n 



lim (|A n |± 

n->oo I On 



1/n 



lim 



n 



S n /n 



n^oo r(l + 5 n ) 1/n 



(4.17) 



where Stirling formula has been used when 5 n is unbounded (recall that 5 n = o(n) ). There- 
fore, by (|4TT41) - (I4TT7D . it yields 



limsup (|A n G n (x)|) 1/n < e r , x G T r \ {x } 



(4.18) 



after taking limits when s — > , if necessary. Note that in this part of the proof (|2.4p has 
not been used. 
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Now, we are concerned with H n {x) . As above, suppose first that k n = n , and thus, 

/•oo 

H n (x) = / (t-x^-^itrdt, 

J XO 

where now the path of integration is contained in the positive real semiaxis. Then, we have 
H n {x) = e n (l - -Y^ 1 e+ s -~ l e-t™- 1 )* e~ l dt . (4.19) 



X 

< 



Taking into account that there exist two positive constants M, N , such that M < 

{iV 5 ™ -1 , if S n > 1 
c . ' then, 
M 5 "- 1 , if < <5 n < 1 , 

/•oo 

\H n (x)\ < e n B n \\h\\ [0>+oo) / e-*dt < e n B n \\h\\ [0>+oo) , 
where lim B± /n = 1 , h(t) = t n+5n ~ l e _(n_1) * and it is not hard to see that 

n— >oo 



1 - - 



n — 1 / V re — 1 



i e i \ <5 ?l — 1 



(4.20) 



![0,+oo) 

Hence, 

i/f„r.T)i < b„ (- 

n — 1 

Therefore, 

< C n 5 n = C n dist(a n , S n ) , 

where lim Cl' n = 1 . 

n->-oo " 

On the other hand, when k n < re , we have 

/•oo 

H n (x) = (t- x) 5 ^ 1 [(j)(t) n }( n - k ^ dt , 

Jx 

and integrating by parts, it yields 

/■oo 

H n (x) = (x - xf-- 1 m) n t=x k n n ~ + (1 - S n ) / (t - x) 6 -- 2 [^t) n ]^- k ^ dt . (4.21) 



•I'D 



SZEGO CURVE AND LAGUERRE POLYNOMIALS 



Now, applying again the Cauchy integral formula for t G [xq, oo) C M + , it holds: 

[{Ht)) n ] il) < l\e- l e 2tn <p{t + e) n , 

for arbitrarily small e > . 

Then, taking into account (|4.2ip - (|4,22p and setting 



D n = (n - k n - 1)\ e - n+k - +1 e 2en \x Q - x\ 5n ~ l , 



we have 



\H n (x)\ < D n ($(xo + e) n + (1 - Sn) J \t - x\~ l </>(t + e) n dtj 





poo 


- S n 


J ]t ~ 




Jxo 


POO 




x — e 








t 


J XQ 



< D n \ 4(x + e) n + (l-5 n ) 

Finally, we can bound the integral above as in (14.19p . which yields 

\H n (x)\ < D n {<t>{x Q + e) n + (I - 5 n )M- 1 e~ l 



t- 1 <f>(t) n dt 



where we denote by M the lower bound of the function |1 



x — e , 



t G [xq, oo) 



Therefore, 

\A n H n (x)\ < 



i -i 



D n <f,{xo + e) n S n + 5 n (l - S n ) M e 



n\T(l + 5 n ) 

< R n S n <f>(x + e) n + S n S n (l - S n ) , 

where lim R n ' n = lim S n ' n = 1 . Taking into account (j2.4|) , we have 

n— »oo n— >oo 

lim [dist(a n ,S n )]^ n = lim [5 n (l - S n )} l / n = e~ r . 

n— yoo n— too 
Now, from (j4T20D . ([33511 and (IMjl . it follows 

lim sup (|A n i? n (x)|) 1/n < e~ r , x G T r \ {x } , 

n— >oo 

after taking limits when e —> + , if necessary. Thus, from (|4.18p and (|4.25p . it yields 

lim sup (|A n F n (x)|) 1/n < e~ r , x eT r \{x } . 
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It only remains to consider the limit case r = oo , which occurs when 

lim [dist(a n ,§ n )] 1/n = 0. 

Tl— >00 

Having in mind the method above, it is not hard to see that in this case, we have that 

Urn sup e~ Rcx \L<? n \nx)\V n < e~ s , x € T s \ {x (s)} , (4.26) 

n— >oo 

for any s > 0. Thus, applying [H Theorem 5], (|4.26p implies that supp/Uoo C G s , for any 
s > . Since f| G, = {0} , the conclusion easily follows. 

s>0 
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